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abstract
A motility mechanism based on a simple exclusion process, where the probability of
movement of an agent depends on the number of unoccupied nearest-neighbor sites is
considered. Such interacting agents are termed myopic. This problem is an extension of
the famous blind or myopic ant in a labyrinth problem. For the interacting agent models
considered here, each agent plays the role of an ant in a labyrinth, where the paths of
allowed sites though the labyrinth consist of sites not occupied by other agents. We derive
a nonlinear diffusion equation for the average occupancy of the discrete agent-based model
for myopic agents. In contrast, interacting blind agents have a constant probability of
movement to each of their nearest-neighbor sites, giving rise to a linear diffusion equation.
Insight into the various terms in the nonlinear diffusion coefficient is obtained from a study
of multiple subpopulations of interacting myopic agents, where an advection–diffusion
equation for each subpopulation is derived, and from tracking an individual agent within
the crowd, where a motility coefficient is extracted. Averaged discrete simulation data
compares very well with the solution to the continuum models. We also compare the
behavior of myopic and blind agents. The myopic motility mechanism is biologically
motivated to emulate information an individual cell gathers from environment cues.
The multispecies model developed and investigated here assists with the interpretation
of experimental data involving the tracking subpopulations of cells within a total cell
population.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction
Lattice-based interacting random walk models where agents move and each lattice site is occupied by at most one agent
are known as exclusion processes [1,2]. Such models are used in many application areas such as traffic flow [3], ecological
applications [4] and cellular tumor invasion [5].
Random walk simulations of a crowd of agents readily provide information at two spatial scales. Microscopic data can be
obtained by tagging and tracking the movement of individual agents within the population [6–8]. The rules of movement
and the interactions between the agents will influence the mean displacement and mean square displacement of the agent.
Macroscopic data can be obtained by averaging simulation data over many realizations – this yields an average density
distribution as a function of spatial position. If this is repeated at different times, a spatio-temporal picture of the density
distribution emerges [7,9].
Recently there has been much interest in taking agent-based rules, writing these as transition probabilities and
deriving a continuum description of the system in terms of a partial differential equation (PDE) [1,9–14]. It is well known
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that symmetric exclusion processes (without bias) gives a linear diffusion equation [1]. Various biologically motivated
mechanisms, accounting for contact-forming, contact-breaking and contact-maintaining interactions have been considered
within the framework of an exclusion process [8,10,12]. Such processes give rise to a nonlinear diffusion equation. Some
contact interactions lead to a nonlinear diffusion function which is negative for some density values. In these cases, the PDE
models may give rise to solutions containing shocks [15,16].
Here we consider an extension of the famous blind or myopic ant in a labyrinth problem [17–20]. In the original problem,
a single ant performs a random walk on a random network, where there may be some inaccessible or forbidden nearestneighbor sites. A blind ant attempts to move to any of its nearest-neighbor sites, but only moves to sites on the random
network are allowed – therefore, many attempted moves are aborted. Alternatively, a myopic ant attempts to move to
permitted sites only – in this case there are no aborted moves. We use these ideas to describe and analyze a lattice-based
motility model which takes account of the number of unoccupied sites which are accessible to the agent. We consider a
crowd of myopic agents. For each agent, the positions of all the other agents are forbidden (but, of course, only ones in
the nearest neighborhood are relevant at each move). Therefore, the set of unoccupied sites plays the role of the labyrinth.
Since all agents are allowed to move at each time step, the labyrinth can change at each time step. We derive transition
probabilities for the movement of interacting myopic agents. Averaging the site occupancy gives a nonlinear diffusion
equation, where the diffusivity is always positive. We compare the results for myopic agents with those for blind agents
previously investigated [9].
In order to appreciate the form of the diffusion function for a myopic population, it is informative to study subpopulations
of agents [9,11]. We derive a nonlinear advection–diffusion equation for each subpopulation. If all subpopulations are
identical, we are able to uncover a relationship between the diffusion and advection functions for the subpopulations and
the diffusion function for a single population. Moreover, we will show that the multispecies diffusion term can be related
back to the mean square displacement of an individual tagged agent. This provides an appreciation of the way the spatial
scales are integrated into the system.
We define the discrete model and use conservation of mass arguments to construct a PDE describing the average
occupancy of the discrete model for both single and multiple species of agents. We also derive the mean square displacement
of a single agent in a crowd of agents. We compare the average simulation results to the solution of the PDE and show they
match well. Finally, we comment on the source of errors, the usefulness of the multispecies approach to understand the
behavior of a single species of agents, and the implications to cell biology.
2. Discrete model
Motile agents move on an arbitrary d-dimensional periodic lattice with uniform spacing ∆. Agents occupy sites on the
lattice. This is equivalent to agents residing in regions, since each site v is associated with a spatial region consisting of all
points closer to site v than to any other. In two dimensions, these regions are polygonal tiles; the square lattice is associated
with square tiles, while the triangular lattice is associated with hexagonal tiles. We consider an exclusion process [21], so
that each site can either be occupied by a single agent or be unoccupied.
For any site v on a periodic lattice, we define the nearest neighborhood set N {v} as the set of nearest-neighbor sites,
that is, those sites one lattice-space distant from v . In the model these are the sites to which movements from site v can be
attempted. The number of nearest neighbors of site v is N = |N {v}|.
A simple exclusion process [1,2] with random sequential updating [21] is implemented on the periodic lattice. If there
are M agents on the lattice, then for each time step of duration τ , we make M sequential independent random choices of an
agent. On average, each agent is chosen once per time step. When chosen, an agent is given the opportunity to move with
probability P. Although on average each agent is chosen once per time step, some agents may be selected more than once
and some not at all. The relationship between the simulation time and real time is governed by P, the probability that an
agent will move a distance ∆ within time τ . Therefore, setting P = 1 means that agents have the opportunity to move a
distance ∆ within time τ .
We define blind and myopic agents, which execute different types of random walks.
(1) Blind agents. The agent attempts to move to one of the N nearest-neighbor sites with equal probability P /N. Naturally,
in an exclusion process, if the randomly chosen target site is occupied, the move is aborted.
(2) Myopic agents. Suppose at least one of N {v} is unoccupied. The agent attempts to move to one of the N − k unoccupied
nearest-neighbor sites (k = 0, 1, . . . , N − 1) with equal probability P /(N − k). The agent cannot move only when all
sites in N {v} are occupied.
A myopic agent never attempts a move to an occupied site, and so no move is aborted. These definitions are extensions to
the ones used for a blind or myopic ant in a labyrinth problem [17–20]. Now the set of unoccupied sites plays the role of the
labyrinth. For our problem, the labyrinth can change at each time step. Here, we are interested in investigating the behavior
of a crowd of myopic agents and comparing that to the behavior of a crowd of blind agents.
3. Conservation equation and continuum model
We use standard conservation arguments to derive a continuum model [1,9,12]. The key steps in connecting our discrete
model with a continuum model are outlined here. We denote the occupancy of site v as Cv , with Cv = 1 for an occupied site
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and Cv = 0 for an empty site. Many statistically identical realizations are averaged to give an average occupancy of site v ,
denoted as ⟨Cv ⟩. This quantity represents a local probability of occupancy or a local density.
3.1. Single species
The change in average occupancy of site v during the time interval t to t + τ is denoted δ⟨Cv ⟩. We let T (v ′ |v) be the
conditional transition probability that the agent will move from site v to site v ′ ∈ N {v} during τ . Then the change in
average occupancy due to a transition in a given direction is T (v ′ |v)⟨Cv ⟩. Summing over all directions, we obtain the discrete
conservation equation

− 

δ⟨Cv ⟩ =

T (v|v ′ )⟨Cv ′ ⟩ − T (v ′ |v)⟨Cv ⟩ .



(1)

v ′ ∈N {v}

Changes in average occupancy due to transitions into site v have a positive sign, while transitions out of site v have a
negative sign. Since each factor in Eq. (1) is interpreted as a probability, we are assuming that the occupancy of a lattice site
is independent of the occupancy of other lattice sites [1]. A similar assumption is implicit in developing T (v ′ |v) appropriate
for blind and myopic walkers below.
For blind walkers, there are no agent interactions apart from exclusion. The conditional transition probability T (v ′ |v) is
just the probability P /N of moving to any of the target sites v ′ multiplied by the probability that the destination site v ′ is
vacant. Therefore,
T (v ′ |v) =

P

(1 − ⟨Cv′ ⟩).
(2)
N
For myopic walkers, the probability of transitioning from v to v ′ ∈ N {v} depends on how many sites are unoccupied. To
j
this end, we define Ok {v} to be a set containing exactly k nearest-neighbor sites from the possible N − 1 sites in the set
N {v} \ {v ′ }. The superscript j denotes the



N −1
k



j

j

possible choices of k distinct elements in Ok {v}. We denote by Uk {v} the
j

set containing the other N − 1 − k nearest-neighbor sites, namely, the complement (N {v} \ {v ′ }) \ Ok {v}. We define such
sets for each value of k = 0, 1, . . . , N − 1. Then we can write
T (v ′ |v) = (1 − ⟨Cv ′ ⟩)

N −1
−

P

N −k
k=0

 N −1 

k
−
∏
∏


(1 − ⟨Cw ⟩) .
⟨Cu ⟩

j =1

j

u∈Ok {v}

(3)

j

w∈Uk {v}

Since a myopic agent at v attempts to move to one of the N − k unoccupied nearest-neighbor sites (k = 0, 1, . . . , N − 1) with
equal probability P /(N − k), the term in square parentheses
the probability that there are exactly k occupied and
 represents

N − 1 − k unoccupied sites in N {v} \ {v ′ }, accounting for

N −1
k

choices of this configuration. The summation in k accounts
j

j

for all possible choices of the number of occupied sites. Note, when either Ok {v} or Uk {v} is empty, then the product terms
are taken to be unity.
The discrete model is related to a PDE in the appropriate limit as ∆ → 0 and τ → 0, where the discrete values of ⟨Cv ⟩
are replaced by a continuous variable C . To do this, all terms in Eq. (1) are expanded in Taylor series about the particular site
v , keeping terms up to O (∆2 ). The truncated Taylor series are substituted into Eq. (1), and the expression is divided by τ .
Taking limits as ∆ → 0 and τ → 0 jointly, with the ratio ∆2 /τ held constant [22,23], in the continuum limit we obtain a
nonlinear diffusion equation of the form

∂C
= D0 ∇ · (D (C )∇ C ) .
∂t

(4)

Here, the free agent diffusivity is
D0 =



P

lim
2d ∆,τ →0

∆2
τ



,

(5)

where d is the dimension of the lattice.
Using expression Eq. (2) or Eq. (3) for blind and myopic walkers respectively in Eq. (1), the nonlinear diffusion function
in Eq. (4) is

D (C ) =



1,

for blind walkers,
2N


1 + N − 1

N −1
−

C i − (N + 1)C N ,

for myopic walkers.

(6)

i=1

The expression for myopic walkers can also be written as

D (C ) = 1 +

2N
N −1



C − CN
1−C



− (N + 1)C N .

(7)
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For blind walkers, the diffusivity is a constant, as expected [1,9]. However, for myopic walkers the form of the diffusivity
function is more complex – it depends on the number of nearest-neighbor sites, and therefore is lattice dependent. This
means that different continuum models arise from the various common two-dimensional and three-dimensional lattices
with the same myopic agent mechanism. Furthermore, D (0) = 1, D (1) = N and D (C ) ≥ 1. In fact, D (C ) has a single local
maximum in the interval C ∈ [0, 1]. Hence, the diffusivity for a population of myopic agents is always higher than for blind
agents, as expected.
To understand the complexity of the form of D (C ), it is informative to look at subpopulations of motile agents. Such an
analysis allows us to interpret the terms in D (C ). Furthermore, tagging individual agents and investigating the mean square
displacement with time also gives additional insight into the form of D (C ).
3.2. Multiple species
We now consider an exclusion process with m subpopulations. We write down a conservation of occupancy statement
for each of these subpopulations Cv(r ) (r = 1, 2, . . . , m) at site v . Now assume that the conditional transition probability
that the agent will move from site v to site v ′ ∈ N {v} during a time step τ depends only on the occupancy of site v ′ and not
(r ) ′
whether v ′ is occupied by a particular subpopulation or not. For blind and myopic agents, this means that T ∑
(v |v) is the
m
(r ) ′
same for each subpopulation, apart from a constant multiplicative factor, and that T (v |v) is a function of r =1 Cv(r ) , the
total occupancy of a site. By the same arguments as above, we obtain the discrete conservation equation

δ⟨Cv(r ) ⟩ =

− 
v ′ ∈N {v}

(r )



T (r ) (v|v ′ )⟨Cv ′ ⟩ − T (r ) (v ′ |v)⟨Cv(r ) ⟩ .

(8)

In the appropriate limit, the resulting continuum equations can be written as a system of equations for m subpopulations
with density C (r ) , for each r = 1, 2, . . . , m. Suppose each subpopulation r moves with probability P (r ) per time step. Then
each subpopulation satisfies a nonlinear advection–diffusion equation



∂ C (r )
= D(0r ) ∇ · D(C )∇ C (r ) + C (r ) V (C )∇ C ,
∂t

where r = 1, 2, . . . , m,

(9)

where
(r )

D0 =

P (r )
2d


lim

∆,τ →0

∆2
τ



.

(10)

The first term in parentheses in Eq. (9) is the diffusive flux of subpopulation r, while the second term is the advective flux
term of subpopulation r down the gradient of the total agent density (with advective velocity −V (C )∇ C ).
Using Eq. (2) or Eq. (3) for blind and myopic walkers respectively in Eq. (8), the nonlinear diffusion and advection function
in Eq. (9) are
D(C ) =



1 − C,
1 − CN,

for blind walkers,
for myopic walkers,



1,

(11)

for blind walkers,

N −2
2N − i
V (C ) =
C − NC N −1 ,

N − 1
i=0

for myopic walkers.

(12)

The expression for myopic walkers can also be written as
V (C ) =

2N
N −1



1 − C N −1
1−C



− NC N −1 .

(13)

The functions D(C ) and V (C ) for blind walkers were determined by Simpson et al. [9] and the functions are latticeindependent. However, for myopic walkers, the two functions depend on the number of nearest-neighbor sites, and
are therefore lattice dependent. The D(C ) is monotonically decreasing to zero, the V (C ) is a positive function such that
V (0) = 2N /(N − 1) and V (1) = N. Comparison of the two functions for blind and myopic agents shows that the diffusivity
and advective function for a population of myopic agents is always larger than for blind agents, for each value of 0 ≤ C ≤ 1.
Table 1 gives N for various d-dimensional lattices (d = 1, 2, 3), thus providing the nonlinear diffusion function D(C ) and
advective function V (C ) arising from myopic rules.
A relationship between the form of V (C ) and D (C ) given by Eqs. (12)–(13) and (6)–(7) respectively can be determined by
(r )
considering the total population, where all the subpopulations are identical. Then we write D0 = D0 for all r. We can sum
the m conservation equations to produce a single equation for the total population C . The resulting equation is the nonlinear
diffusion equation appropriate to a single species, namely Eq. (4), when we identify

D (C ) = D(C ) + CV (C ).

(14)

The form of this decomposition can be further investigated by tagging individual agents and investigating the mean square
displacement with time.
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Table 1
For lattice dimension d, number of nearest-neighbor sites N = |N {v}| for various lattices
needed for D(C ) and V (C ) in Eqs. (11) and (12).
Lattice

d

N

Linear
Hexagonal (triangular tiling)
Simple square
Triangular (hexagonal tiling)
Diamond cubic
Simple cubic
Body centered cubic – quadrilateral
Face centered cubic – tetrahedral
Hexagonal close-packed

1
2
2
2
3
3
3
3
3

2
3
4
6
4
6
8
12
12

4. Tagged agent in a crowd of agents
Let the position of a tagged agent after n steps be denoted by Rn , where the starting position is R0 . Then the agent
displacement after n steps is
Rn − R0 =

n
−

Yj ,

(15)

j =1

where Yj represents the displacement on the jth step [22].
The expected value of the displacement is zero for agents executing either a blind and myopic walk, so the mean
displacement ⟨Rn − R0 ⟩ after n steps is zero. The mean square displacement of the jth displacement is

⟨Y2j ⟩ = T (v ′ |v)∆2 N ,

(16)

for the N lattice sites v ∈ N {v} at a distance ∆ from current site v . In the limit as ∆ → 0 and τ → 0 jointly, with the
ratio ∆2 /τ held constant, we require only the dominant term in Eq. (16). This is obtained by replacing ⟨Cv ⟩ and ⟨Cv ′ ⟩ for any
v ′ ∈ N {v} with the continuous variable C , giving
′


P


 N (1 − C ),
N −1
T (v ′ |v) ∼
−


(
1
−
C
)

k=0

for blind walkers,
P
N −k



N −1
k



(1 − C )N −1−k C k ,

(17)
for myopic walkers.

The expression for myopic walkers can be simplified as
N −1
−



P

N −1

N −k
k=0

k



(1 − C )N −k C k =

N −1
P −

 

N k=0

k

N

(1 − C )N −k C k =

P
N

(1 − C N ),

(18)

from the binomial expansion of [(1 − C ) + C ]N . Now we can identify the expression in Eq. (17) with PD(C )/N using Eq. (11),
to obtain the result

⟨Y2j ⟩ = ∆2 PD(C ).

(19)

Since n steps each of duration τ give the continuous time t = nτ , we have (in the limit as ∆, τ → 0 such that ∆2 /τ is a
constant),
n
−
∆2
⟨Y2j ⟩ = n∆2 PD(C ) = P D(C )t = 2dD0 D(C )t .
τ
l =1

(20)

Without any loss of generality, we determine the horizontal x-component of mean square displacement, denoted MSDx , by
dividing the mean square displacement by the dimension d to give


MSDx =

∆2
τ



P
d

D(C )t = 2D0 D(C )t .

(21)

The MSDx of an isolated blind or myopic agent is 2D0 t. Therefore the factor D(C ) represents the decrease in motility of a
single agent as it interacts with a crowd of similarly moving agents. This function is the diffusive interaction term in the
decomposition obtained in Eq. (14).
Simulations were performed on large randomly and uniformly seeded regular lattices in d-dimensions (d = 1, 2, 3),
with spacing ∆ = 1, with periodic boundary conditions. The dimensions were chosen so that each domain contained
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–0.01

0

0.5
CN

1

Fig. 1. Comparison of the slope of the MSDx versus t curve. (a–d) Plots of slope S = MSDx /2D0 t (red circles) and the expected value of D(C ) as a function
of density C (blue line). The slope is determined by averaging over all agents up to t = 1000. (a) Blind agents on a triangular lattice. (b–d) Myopic agents
on a square lattice, a triangular lattice (hexagonal tiling), and a simple cubic lattice, respectively. (e) Relative error versus density C for all blind walks.
(f) Relative error versus C N for myopic walks on various lattices, where N is the coordination number of the lattice. Color legend is for (e–f). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

approximately 105 sites (e.g. 316 × 316 square lattice and 46 × 46 × 46 cubic lattice). Every agent was tagged and its
displacement from its starting position was recorded at each time. We determined the mean displacement of each agent
and averaged over all agents; the mean magnitude was O (10−4 ), confirming that the mean displacement approximately
zero. The net horizontal displacement as each time step was squared and summed. Averaging over all agents, the MSDx was
linear in time, and the slope depends on the crowd density C . We plot MSDx /2D0 t and compare it with the expected value
of D(C ) for various lattices. For blind agents, we confirm the linear nature of D(C ) in Eq. (11) (Fig. 1(a)), while for myopic
agents, we confirm the nonlinear form of D(C ) in Eq. (11) is a very good fit, but some small errors appear and are largest for
C ∼ 0.7 (Fig. 1(b–d)).
We assess the relative error in the slope versus density over many different types of lattices. The relative error in the
blind case is negligible (Fig. 1(e)); the fluctuations are larger for lower density since the simulations are averaged over a
smaller number of agents than the higher density cases. The relative error in the myopic case increases from zero, reaches
a maximum and then decreases to zero (Fig. 1(f)). Errors arise because of correlations in the occupancy (and consequently
the vacancy) of nearest-neighbor sites. Such correlations were ignored when deriving transition probabilities T (v|v ′ ), since
independence of occupancy of neighboring sites was assumed. A vacant site in an agent’s neighborhood may be due to the
agent itself having recently created it in the previous move. Therefore, the probability of moving is higher than if the vacant
sites were entirely random based on local density.
For the majority of the lattices considered, if an agent at site v moves to a vacant nearest-neighbor site v ′ ∈ N {v}, then
any of the other occupied sites v ′′ ∈ N {v} can move into the vacated site v . At the next move the recently vacated site v ′′
is inaccessible to the agent at v ′ , since it is not an element of N {v ′ }; that is, N {v} ∩ N {v ′ } = ∅. However, this is not the
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Fig. 2. Averaged column density data (red) compared with solutions to the PDE Eq. (4) (black) at times t = 0, 10, 100, 1000. Agents spread from
80 ≤ x ≤ 120 on a 200 × 200 lattice, with probability of movement P = 1. Discrete results are averaged over 200 realizations. The left and right
columns are for blind and myopic agents respectively. Arrows indicate the direction of increasing time. Row (a) square lattice. Row (b) triangular lattice
(hexagonal tiling). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

case for triangular (d = 2, N = 6) and tetrahedral (d = 3, N = 12) lattices, where N {v} ∩ N {v ′ } ̸= ∅, so the vacated
site v ′′ may still be accessible to the agent at v ′ . Therefore, there is a higher correlation again between vacancy/occupancy
of lattice sites. This is demonstrated in Fig. 1(f), where in general, for a fixed d, the relative error decreases as the number of
nearest-neighbor sites N increases, except for two cases, namely the triangular and tetrahedral lattices.
5. Comparing discrete and continuum results
To test the validity of our averaging arguments, we generate and compare results from the discrete and continuum models
for single and multiple species.
5.1. Single species
We consider a two-dimensional lattice, with spacing ∆ = 1, of size 200 × 200 with periodic boundary conditions imposed
on the horizontal boundaries and reflecting boundary conditions (no flux) imposed on the vertical boundaries. All sites with
80 ≤ x ≤ 120 are initially occupied with agents. This initial condition and the periodic boundary conditions reduce the
system to a one-dimensional problem since no vertical structure is imposed by the initial agent distribution or the boundary
conditions. Column-averaged density data is averaged over 200 identically prepared realizations.
For initial conditions which are independent of the vertical coordinate, the nonlinear diffusion equation, Eq. (4), reduces
to a PDE with spatial derivatives in one variable. It is solved numerically with a finite difference method with constant grid
spacing δ x and implicit Euler stepping with constant time steps δ t. Picard linearization, with tolerance ε , is used to solve the
nonlinear equations. We used δ x = 0.05 and δ t = 0.1 and tolerance ε = 1 × 10−8 . Our results are grid-independent.
The two columns in Fig. 2 illustrate results on a square and triangular lattice for blind (left column) and myopic (right
column) agents. The blind results have been presented previously on a square lattice [9], but are included here for comparison purposes with myopic walkers. Comparison of the solution of Eq. (4) with column-averaged density profiles from the
simulations shows an excellent correspondence between the two model solutions. The fit is slightly more accurate for blind
walkers. As expected the myopic population spreads faster than the blind population, due to the larger diffusivity in the PDE
and due to less aborted moves in the simulation. We checked results on several other types of two-dimensional lattices. On
all lattices, the comparison between the continuum and discrete data is of comparable quality to the ones shown here.
To investigate more general initial conditions, it is appropriate to compare simulation results with a two-dimensional
continuum model. We consider a 200 × 200 square lattice with spacing ∆ = 1, with reflecting boundary conditions (no
flux) imposed on the horizontal and vertical boundaries. All sites with 80 ≤ x, y ≤ 120 are initially occupied with agents.
Site-averaged density data is averaged over 200 identically prepared realizations.
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Fig. 3. Contours for the averaged density data and solutions to the PDE Eq. (4) at two times. Agents spread from 80 ≤ x, y ≤ 120 on a 200 × 200 lattice,
with probability of movement P = 1. The 0.25 (red), 0.5 (magenta) and 0.75 (cyan) contours for the discrete model are averaged over 200 realizations. The
corresponding contours for the solution to Eq. (4) are shown (0.25, dark red; 0.5 dark magenta; 0.75, dark cyan). The left and right columns are for blind
and myopic agents respectively. Row (a) t = 10. Row (b) t = 100. (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

For initial conditions which are dependent on both coordinates, the two-dimensional PDE Eq. (4) must be solved. An
Alternating Direction Implicit (ADI) method is used. We used δ x = δ y = 1, δ t = 0.5 and tolerance ε = 1 × 10−8 . Our
results are grid-independent.
Contours for the discrete and continuum results are superimposed and compare well (Fig. 3). Again, the results
demonstrate that the myopic population spreads faster than the blind population.
5.2. Multiple species
We consider two subpopulations R (red) and G (green) on a square lattice, with spacing ∆ = 1, of size 200 × 200 with
periodic boundary conditions imposed on the horizontal boundaries and reflecting boundary conditions imposed on the
vertical boundaries. Three types of initial conditions are investigated.

• Scenario A: R population in 80 ≤ x ≤ 100 at C (R) = 1, while G population in 100 ≤ x ≤ 120 at C (G) = 1.
• Scenario B: R population in 80 ≤ x ≤ 120 at C (R) = 1, while the G population is in remaining region at C (G) = 0.5.
• Scenario C: As in Scenario B, but both R and G populations at C (R) = 0.5 and C (G) = 0.5.
Only the blind results for Scenario B on a square lattice have been presented previously [9].
No vertical structure is imposed with these initial conditions and boundary conditions. Therefore, the nonlinear
advection–diffusion equations (9) reduce to a system of PDEs with spatial derivatives in one variable only. The numerical
scheme uses a finite difference method with Picard linearization for the diffusive term (treated implicitly), as described
above, and higher order upwinding with flux limiting for the advection term (treated explicitly) [24]. We used δ x = 0.25
and δ t = (δ x)2 (blind), and δ t = (δ x)2 /N (myopic) (to ensure that the Courant number is less than unity) and tolerance
ε = 1 × 10−8 . Our results are grid-independent.
First, simulations are performed for identical subpopulations, where P (R) = P (G) = 1. The averaged discrete results
compare well with the corresponding solution to the continuum equations (9). Again the fit is slightly better for blind
walkers than for myopic walkers (Fig. 4). The solution profiles in Scenario B exhibit features that are different from the
other two scenarios. The density profiles for subpopulation G in Fig. 4(b) are nonmonotone with maximum values greater
than the initial condition, and no maximum principle is obeyed. The nonmonotonicity appearing for both blind and myopic
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Fig. 4. Identical subpopulations R and G, with both populations move on average P (R) = P (G) = 1 times per timestep for three initial conditions, given by
Scenario (A–C). The colors represent C (R) (red), C (G) (green) and total population C = C (R) + C (G) (blue) for blind and myopic walkers. Row (a) Scenario A,
Row (b) Scenario B, Row (c) Scenario C. Simulations are shown in lighter thick lines, with PDE solutions to Eq. (9) shown in darker fine lines. Simulations
were performed on a square lattice measuring 200 × 200 and averaged over 200 realizations. Curves are shown for times t = 0, 10, 100, 1000 timesteps.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

G agents is caused by exclusion effects. This scenario reveals subtleties that would not be apparent without the multispecies
framework.
Secondly, simulations are performed for nonidentical subpopulations, where R and G have different motilities, with the
three initial condition scenarios. The results in Fig. 5 follow the same trends as for the identical subpopulation case. Again
nonmonotone solutions exist when there is a mismatch in the initial densities of the two subpopulations.
All simulations presented so far for multiple species are on a square two-dimensional lattice. We also investigated
the performance of identical subpopulations on other types of lattices. Simulations were performed on various domains
measuring approximately 200 in each dimension. (Slight differences in size occur because different lattice types have
different spacings and therefore a different number of sites per area.) Average occupancies at positions along the x-direction
were calculated by location for 1-d lattices, by column average for 2-d lattices, and by slice average for 3-d lattices. In order
to compare results correctly, the probabilities of movement are scaled according to the dimension d of the lattice, namely as
(R)
(G)
P (R) = P (G) = d/3, resulting in D0 = D0 = 1/6. This removes the dependence of the PDEs on d (Eq. (9)). Using the initial
condition given by Scenario A, the results for the R subpopulation and the total population R+G are illustrated in Fig. 6 at
t = 100. By symmetry, the G population is the mirror image of R reflected about the line x = 100.5, and is not shown. The
results for blind agents all fall on the same curve for all lattice types, since the PDEs are independent of the lattice property
N. For the myopic case, the curves are different for different values of N, as expected. Comparison between the averaged
simulation data and the PDE is very good, as demonstrated in previous figures for the square lattice. Note that the PDE
solutions should be independent of d and just a function of N. However, with different d and fixed N, there is an unavoidable
disparity in the width of the initial condition imposed by the lattice geometry. This gives rise to slight differences in the PDE
solution, due to differences in the initial density distribution. These are just discernible in Fig. 6, right column for N = 4, 6.
6. Discussion and conclusions
We have derived a partial differential equation which approximates well the average occupancy of the discrete agentbased model for myopic agents. This is a nonlinear diffusion equation, where the diffusivity depends on the number of
nearest-neighbor sites, and therefore is lattice dependent. In contrast, the corresponding PDE description for blind agents
is a linear diffusion equation, and therefore is the same for all lattices. In principle, experimental data could be used to
determine the value of N, and therefore the type of lattice that is most appropriate to model individual systems. Tracking
tagged agents, as well as fitting spatio-temporal population densities to solutions of a PDE, could be used to estimate a best
fit for the parameter N. However, in some experimental systems, it may be difficult to distinguish any differences due to the
noise in the experimental system.
We observe that the average discrete and continuum models match well for myopic agents, but the fit is not as good
as the corresponding comparison with blind agents. The most likely explanation for this difference in behavior is a higher
correlation between the occupancy of neighboring sites for a myopic random walk than for the blind random walk. We
implicitly assume independence of occupancy of neighboring sites when deriving the conservation equations for these
random walkers.

K.A. Landman, A.E. Fernando / Physica A 390 (2011) 3742–3753

Blind

Myopic
1

1
C

C

(a)

0.5

0.5

0
1

0
1
C

C

(b)

0.5

0.5

0
1

0
1
C

C

(c)

0.5

0.5

0
1

0
1
C

C

0.5

0.5

(d)

3751

0

0

100
x

200 0

100
x

200 0

100
x

200

0

0

100
x

200 0

100
x

200 0

100
x

200

Fig. 5. Different subpopulations R and G for three initial conditions, given by Scenario (A–C). The colors represent C (R) (red), C (G) (green) and total
population C = C (R) + C (G) (blue) for blind and myopic walkers. Row (a) Scenario A with P (R) = 1 and P (G) = 0.5. Row (b) Scenario B with P (R) = 1
and P (G) = 0.5. Row (c) Scenario B with P (R) = 0.5 and P (G) = 1. Row (d) Scenario C with P (R) = 1 and P (G) = 0.5. Simulations are shown in lighter thick
lines, with PDE solutions to Eq. (9) shown in darker fine lines. Simulations were performed on a square lattice measuring 200 × 200 and averaged over 200
realizations. Curves are shown for times t = 0, 10, 100, 1000 timesteps. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Different agent motility rules can give rise to the same PDE. An example of this is provided by the one-dimensional
form of D (C ) = 1 + 4C − 3C 2 for myopic walkers. Fernando et al. [12] derived the same diffusivity function for agents
with a contact-breaking interaction bias (case σ = −1). However, in this case, an agent does not move at all if it has no
nearest neighbors. Therefore, the myopic agent rules are different from the contact-breaking rules, but they give rise to the
same nonlinear diffusion equation. However, simulations for the contact interaction model do not fit well to the solution of
the PDE. Such random walkers will always move away from others, and will cease to move once they have no neighbors.
The resulting agent distribution patterns are a regular spacing of stationary agents. The behavior of myopic agents is quite
different — isolated agents always move, and the PDE is a good approximation to the average discrete simulation results.
For the problem of the ant in the labyrinth [17–20], a single agent, the ant, performs a random walk, which may be either
of the blind or the myopic type, along the open bonds of a realization of a Bernoulli percolation process. If the underlying
percolation process is Bernoulli site percolation, then each site is ‘‘allowed’’ with probability p and a bond is open if and only
if both sites that it links are allowed. If p < pc , where pc is the percolation threshold, all clusters are finite with probability
one, the ant is trapped on a finite island, and its mean square displacement saturates at long time at a value determined
by the cluster size and shape. In contrast, for p > pc , the ant undergoes a diffusion process with a p-dependent diffusivity,
provided that it starts on the infinite cluster.
For the interacting agent models considered in the present paper, each agent plays the role of an ant in a labyrinth, where
the paths of allowed sites though the labyrinth consist of sites not occupied by other agents. The other agents essentially
constitute the walls of the labyrinth. However, the labyrinth seen by a given agent evolves over time and therefore no agent
is ever trapped in a finite region of space for an indefinite period.
In cellular systems, individual cells extend filopodia to gather environmental cues and gain an awareness of neighboring
cells. Since cells exclude volume, the simple rules introduced for myopic agents in a crowd of myopic agents allows the
nature of such interactions to be taken into account. Common forms of contact-mediated migration, as observed in neural
crest cells [25–27], can be described a myopic random walk.
This work shows that transport coefficients extracted from tracking an individual cell or agent, namely D(C ), does not
describe the global behavior of the population, which is governed by the diffusivity D (C ). However, representing a single
population as two or more identical subpopulations gives insights into the nature of the agent interactions, as in Simpson
et al. [9]. Using a multispecies formulation, a relationship between D (C ) and D(C ) is extracted. Furthermore, the difference
between the two functions is given by CV (C ), where V (C ) arises from the advection term in the PDE governing the identical
subpopulations.
Consideration of subpopulations is not only a revealing theoretical technique. It also has application in recent neural
crest cell invasion experiments. Either a subpopulation of donor cells is placed within a subpopulation of host cells and
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Fig. 6. Multiple lattice types with Scenario A. Row (a) C (R) population. Row (b) Total population C = C (R) + C (G) . Simulations were performed on various
lattices measuring approximately 200 × 200 averaged over 200 realizations. Here P (R) = P (G) = d/3. Simulations are shown in lighter thick lines, with
PDE solutions to Eq. (9) shown in darker fine lines. The left and right columns are for blind and myopic agents at t = 100 respectively. Color legend is for
all figures. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

different antibodies identify each subpopulation [28] or a photoconvertible fluorescent protein is expressed by all cells and
photoconversion is used to identify a selected subpopulation [29]. The blind and myopic multispecies models developed
and investigated here assist with the interpretation of these kinds of experimental data.
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