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Abstract
Spatial data sets can be analysed by counting the number of objects in equally sized bins.
The bin counts are related to the Pólya urn process, where coloured balls (for example,
white or black) are removed from the urn at random. If there are insufficient white or
black balls for the prescribed number of trials, the Pólya urn process becomes untenable.
In this case, we modify the Pólya urn process so that it continues to describe the removal
of volume within a spatial distribution of objects. We determine when the standard
formula for the variance of the standard Pólya distribution gives a good approximation to
the true variance. The variance quantifies an index for assessing whether a spatial point
data set is at its most randomly distributed state, called the complete spatial randomness
(CSR) state. If the bin size is an order of magnitude larger than the size of the objects,
then the standard formula for the CSR limit is indicative of when the CSR state has been
attained. For the special case when the object size divides the bin size, the standard
formula is in fact exact.
2010 Mathematics subject classification: primary 62H11; secondary 47N30.
Keywords and phrases: pólya urn, spatial statistics, volume exclusion.

1. Introduction
Analysing the spatial distribution of a set of objects, for example, Lagrangian fluid
particles [1, 12, 16, 19] or cellular automata agents [2, 4, 9, 14, 21], has received much
attention in the past [7, 12, 16, 19, 20]. In particular, Phelps and Tucker [19] derived an
index which quantified the deviation of a spatial point data set from uniformity, based
on a scaled variance between bin counts. In their formulation of the index, a domain
was partitioned into equally sized bins, while objects were idealized as points with no
volume (for example, Lagrangian fluid particles). Limiting values for the index were
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A modified Pólya urn process

123

obtained when the objects (or points) were distributed uniformly at random throughout
a domain, termed complete spatial randomness (CSR) [7, 20].
More recently, Binder and Landman [3] derived CSR limits for the index [19]
when the objects exclude volume within a domain (for example, cellular automata
agents). In the derivation of the CSR limiting values, the bin counts followed a
Pólya–Eggenberger (Pólya) distribution [8]. The CSR limiting values are based on
the formulae for the moments of the standard Pólya distribution. This work relied on
an analogy between removal of volume by spatial objects and the Pólya urn process.
Here we are interested in cases when the Pólya urn process breaks down.
When formulated in 1923, the Pólya distribution was expressed in terms of random
drawings of coloured balls from an urn [8]. Initially there are S white balls and A − S
black balls. At each trial, one ball is drawn at random and then replaced along with
s balls of identical colour. This is repeated n times. If the rules of the drawings can
be followed at every trial for all possible random combinations, then the Pólya urn
process is called tenable [15, 17]. The process is tenable for all cases where s ≥ −1.
We are interested here in the cases with s < −1, that is, when two or more balls
are removed at each trial. If the number of white balls S and the number of black
balls A − S are divisible by |s|, then the Pólya urn process is actually tenable, although
after a certain number of trials the distribution becomes degenerate. For example, if
there are initially not enough white balls in the urn for a given number of trials, the
probability of drawing a white ball is zero, and a black ball unity, or vice versa. If
the number of white or black balls is not divisible by |s|, then the Pólya urn process
is untenable, because it is possible to have a situation where there are white or black
balls in the urn, but there are less than |s| of them. Furthermore, the corresponding
standard Pólya distribution [8] does not give a valid probability distribution. This
situation occurs when we apply the analogy with removal of volume within a spatial
distribution of objects with volume |s|. Therefore, we wish to extend the rules of the
Pólya urn process after it becomes untenable.
There are a number of ways to do this. Assuming that a white ball is drawn when
there are less than |s| of them, either: (i) the remaining number are removed, leaving
only black balls; or (ii) the white ball is replaced and this drawing is not included as
a trial; in this case, only trials where black balls are drawn are counted as valid trials.
Of course there are other possible rules. Here, the second case is the appropriate one
in order to continue the analogy with spatial placement of objects.
We determine a probability distribution for this modified Pólya urn process. The
variance of this distribution can be calculated numerically. In principle, the CSR
limiting values for the index can also be calculated numerically. However, this
significantly reduces the usability of the index, and its corresponding standard CSR
limiting values [3], as a simple tool for spatial point data analysis. Fortunately, for
typical parameter values of interest, we find that the variance given by the formulae for
the standard Pólya distribution is a good approximation to the variance of the modified
Pólya urn process. This then permits the use of the standard formulae for the CSR
limiting values [3], which are indicative of when the CSR state has been attained.
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2. The untenable Pólya urn model
We now consider the standard and modified distributions that describe the Pólya
urn process.
2.1. The standard Pólya distribution If there are n trials of the Pólya urn process,
and K represents the total number of times a white ball is drawn, then the distribution
of K is the standard Pólya distribution [8, 10, 11, 15, 17] with parameters n, S , A − S
and s:
!
n S (S + s) · · · (S + (k − 1)s)
Ps (K = k, n) =
k A(A + s) · · · (A + (k − 1)s)
(2.1)
(A − S )(A − S + s) · · · (A − S + (n − k − 1)s)
×
.
(A + ks)(A + (k + 1)s) · · · (A + (n − 1)s)
Equation (2.1) can be written more concisely as
!
n
Ps (K = k, n) =
f (k, n − k),
k
where the bivariate function f is defined as
Qr−1
Qt−1
i=0 (P + iα)
i=0 (Q + iα)
,
f (r, t) =
Qr+t−1
i=0 (1 + iα)
with
P=
and

Q−1
i=0

S
,
A

Q = 1 − P,

α=

(2.2)

s
,
A

= 1. The mean and variance of the standard Pólya distribution are
µs = nP,

σ2s = nPQ

1 + nα
.
1+α

(2.3)

It is instructive to illustrate the probability tree for n = 2 trials (Figure 1). Let the
probability of success be p at each trial, with the corresponding probability of failure
being q = 1 − p. At the first trial p = S /A, but subsequent p (and q) values depend
on the outcomes of previous trials. Therefore, the p and q values are contagious.
Crucially, we observe that the probability of a success followed by a failure is the
same as the probability of a failure followed by a success, even though the individual
p and q values are not the same in each sequence. This accounts for the form of the
probability mass function (PMF) in (2.1): first consider all k successes followed by
n − k failures and then multiply by the binomial coefficient to account for all possible
combinations of sequences of successes and failures.
When s ≥ 0, the total number of balls in the urn either increases (s > 0) or remains
a constant value A (s = 0) with each ball drawn. In this case, (2.1) always gives a valid
distribution, where all probabilities are positive and sum to unity. For the case s = −1,
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Standard Polya

Ps

Ps

Ps

F 1. Probability tree for the standard Pólya distribution, Ps (K = k, 2).

the urn is sampled without replacement, so the number of balls in the urn decreases
by one at each trial. This is the standard example of the classical hypergeometric
distribution [10, 11].
Here we are interested not only in the case when s = −1, but also in the more general
case of s < 0, where the total number of balls in the urn decreases by |s| with each trial.
For the urn problem to remain tenable when s < 0, there are restrictions on the number
of trials n, for given values of the total number of balls A, number of white balls S and
number of black balls A − S that are initially in the urn. In the urn problem, as posed
by Pólya, there is a nonzero probability that only balls of one colour (either white or
black) can be drawn. These restrictions impose the following inequalities:
A + s(n − 1) > 0,
S + s(n − 1) ≥ 0,
A − S + s(n − 1) ≥ 0.

(2.4)
(2.5)
(2.6)

These inequalities ensure that each probability in every trial is nonzero and (2.1)
is a valid distribution. Various authors have investigated the conditions when (2.1)
remains a valid distribution [5, 6, 10, 11, 13, 18]. However, we are interested in cases
when (2.1) defines probabilities that are no longer positive. This occurs when the
inequality (2.4) holds, but (2.5) or (2.6) (or both) do not hold.
It is useful to first consider an example (S = 3, A = 9, s = −2 and n = 3) and its
corresponding probability tree (Figure 2(a)). Since S + s(n − 1) < 0, the probabilities
at each trial become invalid when the (nonzero) numerator in any p value is less than
|s| but greater than zero. After that stage, there would be a negative number of white
balls in the urn. Interestingly, even when the PMF (2.1) is an invalid distribution and
should not be treated as a distribution, the sum of all probabilities equals one and the
variance formula (2.3) holds (provided A + sn > 0 in the expression for the variance).
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(a) Standard Polya
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(b) Modified Polya
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Pm(K = 0) = qqq Pm(K = 1)
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F 2. Probability trees with P = 3/9, Q = 6/9, s = −2 and n = 3. (a) Standard Pólya distribution,
Ps (K = k, 3). The distribution is invalid when the numerator of any p or q value is less than |s|, indicated
by the dashed lines. (b) Modified Pólya distribution, Pm (K = k, 3). The combinatorial advantage in
this distribution is lost: for example, pqq , qpq , qqp. The dashed lines indicate when the distribution
becomes degenerate.

How can the PMF (2.1) be corrected or modified to give a valid distribution when
there are insufficient white or black balls? Moreover, how do the moments of such a
modified PMF compare to the moments of the Pólya distribution (2.3)? We tackle this
by defining a modified distribution which reflects the physical problem of consecutive
draws of balls of the same colour.
2.2. The modified Pólya distribution The Pólya urn process can be extended by
adding a new rule when the drawing becomes untenable. By means of example, we
consider the situation when there are not enough white balls in the urn. A similar
description holds when there are insufficient black balls in the urn.
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Assuming a white ball is drawn when there are less than |s| of them, we replace the
white ball and do not include this drawing as a trial. Only trials where black balls are
drawn are counted as valid trials. A probability tree given by this extended process for
our example is illustrated in Figure 2(b). We observe that the ordering of the p and
q values in a given sequence is now important, so that the combinatorial advantage is
lost, and therefore all possible permutations have to be considered. The formulation
of this PMF gives rise to a modified Pólya distribution:
Pm (K = k, n)


0





!



n



f (k, n − k)



k






!
n−k

X


i+k−1


f (k, i)
=

k−1


i=0





!

k

X

i+n−k−1



f (i, n − k)



n−k−1


i=0





 1

if k > bS /|s|c or n − k > b(A − S )/|s|c
if k < bS /|s|c and n − k < b(A − S )/|s|c
if k = bS /|s|c and n − k < b(A − S )/|s|c (2.7)
if k < bS /|s|c and n − k = b(A − S )/|s|c
if k = bS /|s|c and n − k = b(A − S )/|s|c.

The mean and variance are
µm =

n
X
k=0

kPm (K = k, n),

σ2m =

n
X

(k − µm )2 Pm (K = k, n).

(2.8)

k=0

As expected, the modified Pólya PMF (2.7) is significantly more complicated than
the previous PMF (2.1). We describe each of the five cases (from top to bottom)
in (2.7) as follows. For a given number of trials n there are: (i) an insufficient number
of either white or black balls in the urn; (ii) a sufficient number of white and black
balls in the urn (the standard Pólya distribution); (iii) a sufficient number of black
balls in the urn, with the distribution becoming degenerate at the kth success due to
an insufficient number of white balls; (iv) a sufficient number of white balls in the
urn, with the distribution becoming degenerate at the kth success due to an insufficient
number of black balls; (v) precisely enough white and black balls in the urn, with only
one possible nonzero outcome.
The PMF (2.7) is a valid distribution if each individual outcome is nonnegative
(namely Pm (K = k, n) ≥ 0) and the sum of all possible outcomes is unity (namely
Pn
k=1 Pm (K = k, n) = 1). Both of these conditions are satisfied by the way in which
we constructed the distribution. The first condition is obviously true as the bivariate
function (2.2) is now not permitted to take negative values. It is less obvious that
the sum of all possible outcomes is unity, but we did verify this using the statistical
software program R. A formal proof of this second condition relies on proving
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(by induction) a more general result associated with the tree structure of the
distribution; namely, the sum of the product of the probabilities along all paths in a
(binary) tree is unity, provided the probabilities at each (nondegenerate) node sum to
unity.
So far we have established that the PMF (2.1) gives an invalid distribution when the
(nonzero) numerator in any p or q value is less than |s|. However, there is a special case
when the number of white and the number of black balls initially in the urn are both
divisible by s (namely S ≡ 0 mod |s| and A − S ≡ 0 mod |s|). Given sufficient trials n,
the distribution will eventually become degenerate. However, in any sequence of p or
q values, the numerators are positive multiples of |s| or zero, as seen in (2.1). Hence,
in this case the PMF (2.1) will give probabilities that are either zero or positive and
that sum to unity. In this special case, the two distributions (2.1) and (2.7) are in fact
identical, and their moments must, of course, be given by the standard formula (2.3).
2.3. Comparisons We wish to compare the variances of the two distributions (2.1)
and (2.7). To check our results we also simulate the Pólya urn. In Figures 3 and 4 we
present results where the total number of balls initially in the urn is an integer multiple
M of the number of white balls S initially in the urn. The corresponding number of
black balls is then (M − 1)S . The findings are characterized using arithmetic modulo s.
As a way of checking the formulation (2.7), we first considered the special
case when the initial numbers of white and black balls are both divisible by s
(namely S ≡ 0 mod |s| and A − S ≡ 0 mod |s|). As expected, the standard formula (2.3)
accurately predicts the simulation results (not shown here). Furthermore, the
corresponding variance (2.8), which is obtained numerically, is identical to the
standard variance (2.3).
We now consider a more interesting situation, when the initial numbers of white
and black balls are no longer congruent to 0 mod |s| (Figure 3(a)). The results confirm
that (2.8) accurately predicts the results from the Pólya urn simulations. However, the
standard formula for the variance (2.3) is not a good approximation to the modified
Pólya variance (2.8). The noticeable differences between the two formulae for the
variance occur because the remainder (S ≡ 24 mod 26) is comparable in size to the
number of white balls initially in the urn (S = 50). These differences are almost
nonexistent when we examine the results (Figure 3(c)) with a much reduced remainder
(S ≡ 2 mod 26), an order of magnitude smaller than the number of white balls initially
in the urn (S = 54). These results show that (for a given value of s) the error in
the approximations of the modified Pólya variance tends to zero (when S = 52 with
S ≡ 0 mod 26) in a nonuniform way. Note that even though the number of black
balls initially in the urn (A − S = (M − 1)S ) is not congruent to 0 mod 26 (in either
of Figures 3(a) or (c)), the remainders are at least an order of magnitude smaller than
(M − 1)S . Hence, it is the congruency of S modulo s that dominates the error or
differences observed in Figure 3.
Next we examine the case when the initial number of white balls in the urn
increases, for a fixed nonzero value of the remainder. Figure 4(a) shows that the
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F 3. Variance and index for two distributions, with s = −26, M = 10, A = MS , P = 1/10 and
Q = 9/10. (a) and (c) Variance versus number of trials: variance from 10 000 simulations of the Pólya
urn (blue curves) and from (2.3) (red broken curve) and (2.8) (green broken curve) (colour available
online), for (a) S = 50 with S ≡ 24 mod 26, (c) S = 54 with S ≡ 2 mod 26. (b) and (d) Index and CSR
limits versus density d, for the same parameter values as in (a) and (c), respectively: index from 10 000
simulations of the Pólya urn (blue curves) and CSR limiting values based on the variance formulae (2.3)
(red broken curve) and (2.8) (green broken curve).

approximation to the modified Pólya variance improves as S increases (S ≡ 4 mod 6).
Note that we were careful to choose parameter values so that A − S = (M − 1)S ≡
0 mod 6, eliminating any (small) errors in the approximations due to the initial number
of black balls.
Let us summarize our findings. (i) Both PMFs related to the Pólya urn process
are identical when s < 0 and S ≡ A − S ≡ 0 mod |s|, even though the distributions may
become degenerate. In this case, the Pólya urn process is tenable. (ii) When either
S . 0 mod |s| or A − S . 0 mod |s|, and when there are initially insufficient white
or black balls for a given number of trials, the Pólya urn process is untenable and
the standard PMF (2.1) is an invalid distribution. (iii) We have determined a valid
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F 4. Variance and index for three distributions, with s = −6, M = 10, A = MS , P = 1/10 and
Q = 9/10, with varying values of S with S ≡ 4 mod 6. (a) Variance versus number of trials: variance
from 10 000 simulations of the Pólya urn (blue curves) and from (2.3) (red broken curve) and (2.8) (green
broken curve) (colour available online). The groupings of the three curves (blue, red and green) are for
increasing values of S = 10, 16, 22, 28, 34, 40, 46, 52, 58. (b)–(d) Index and CSR limits versus density
d: index from 10 000 simulations of the Pólya urn (blue curves) and CSR limiting values based on the
variance formulae (2.3) (red broken curve) and (2.8) (green broken curve), for (b) S = 10, (c) S = 34, (d)
S = 58.

modified Pólya distribution (2.7). (iv) In situations when the PMF (2.1) gives an invalid
distribution, the standard formula for the variance (2.3) is a good approximation to the
modified Pólya variance (2.8), provided |s|  S and |s|  A − S . These results are
pertinent for determining the CSR limits for the index (based on the variance) used to
characterize spatial distributions of objects which exclude volume.

3. Index and CSR limit
Consider a domain of volume A that is populated with a total of n objects each
of volume ŝ. The domain is divided into M equally sized bins each with volume
S . Following Phelps and Tucker [19], we quantify the deviation between each bin
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count b j , for j = 1, . . . , M, and the uniformly distributed state by
M
1 X
n 2
σ =
,
bj −
M j=1
M
2

(3.1)

where n/M is the average bin count. The variance is scaled by
!
2 M−1
2
σ0 = n
,
M2
and defines an index
I=

σ2
.
σ20

(3.2)

If σ2 = 0, the objects are said to be evenly distributed throughout the domain,
referred to as an evenly distributed state, giving I = 0. At the other extreme, if all
the objects are placed in a single bin, then I = 1. The index (3.2) is therefore a
quantitative measure of the spatial distribution of a set of objects from the evenly
distributed state. A more interesting and likely scenario to consider is when the objects
are distributed uniformly at random throughout the domain. This is known as the CSR
state [3, 7, 12, 19, 20].
The CSR limit for the index is obtained by considering the random placement of n
objects each of size ŝ > 0 throughout a domain. For each trial or object placement, the
probability of the object being placed in a bin is then equal to the unoccupied space
within the bin divided by the total amount of unoccupied space in the domain. The
probability of success for a given trial depends on the outcomes of the previous object
placements, in a similar way to that of the Pólya distribution. Following Binder and
Landman [3], there is a direct analogy between removing balls from a Pólya urn and
placing finite-sized objects within a bin. At each trial, instead of removing balls with
s < 0 from an urn, we are removing volume s = − ŝ from the domain. The number of
white balls S initially in the urn corresponds to the volume of just one bin. The number
of black balls initially in the urn, A − S = S (M − 1), then represents the remaining
volume in the domain. We assume that each bin count b j can be represented by a
random variable that follows the modified Pólya distribution (2.7) with parameters n,
S , A − S = S (M − 1) and s = − ŝ. Taking the expectation of (3.1), we find that the
expected value for the variance of the bin counts is given by (2.8).
As discussed, the Pólya distribution may become untenable, but when ŝ  S <
A − S , the variance is well approximated by (2.3). Therefore, we approximate the
expected value for the variance of the bin counts by
!
!
1 + nα
n
1
n ŝ
σ2csr = nPQ
1−
1−
.
(3.3)
≈
1+α
M
M
A
Scaling (3.3) by σ20 ,we obtain the CSR limit
Icsr =

σ2csr 1 − d
=
n
σ20

where d =

n ŝ
.
A

(3.4)
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Here d is the density or proportion of volume in the domain that is occupied by
objects.

4. Discussion
To validate the CSR limit for the index, we simulate the Pólya urn and calculate the
average index hIi using (3.2) when S . 0 mod ŝ and A − S . 0 mod ŝ (Figures 3(b)
and (d); 4(b)–(d)). We compare this average index to the two CSR limiting values
based on the two variances (2.3) and (2.8). As we already know, the formula (3.4) is
based on the variance (2.3). The other CSR limiting value is obtained numerically,
by substituting the calculated values of the variance σ2csr = σ2m into (3.4). The results
demonstrate that the explicit formula for the CSR limit (red) is a good approximation
to the numerically obtained CSR limit, when ŝ  S and ŝ  A − S .
In conclusion, if the bin size is an order of magnitude larger than the size of
the objects, the explicit formula for the CSR limit should be indicative of when the
CSR state has been attained. This easy-to-implement measure should prove useful in
assessing the spatial distribution of objects that arise in many physical applications
(examples are given by Binder and Landman [3]).
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